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Generalized parabolic structures over
smooth curves with many components and
principal bundles over reducible nodal curves
A´NGEL LUIS MUN˜OZ CASTAN˜EDA
∗
Abstract
Let Y1, . . . , Yl be smooth irreducible projective curves and let Y be its disjoint
union. Given a semisimple linear algebraic group G and a faithful representation
ρ : G →֒ SL(V ) we construct a projective moduli space of (κ, δ)-(semi)stable singu-
lar principal G-bundles with generalized parabolic structure of type e. In case Y is
the normalization of a connected and reducible projective nodal curve X, there is
a closed subscheme coarsely representing the subfunctor corresponding to descend-
ing bundles. We prove that the descent operation induces a birational, surjective
and proper morphism onto the schematic closure of the space of δ-stable singular
principal G-bundles whose associated torsion free sheaf is of local type e.
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§1
Introduction
Let X be a smooth projective curve over the field of complex numbers C, E a locally
free sheaf on X and p ∈ X a closed point. A parabolic structure on E at p is just a flag
of vector spaces (0) ⊂ E1 ⊂ · · · ⊂ Es ⊂ Ep/mpEp together with weights 0 ≤ κ1 < κ1 <
· · · < κs < 1 (weighted flags for short). The study of parabolic locally free sheaves began
with the seminal work of V. B. Mehta and C. S. Seshadri [12]. They defined a (natural)
(semi)stability condition for such objects and proved the existence of a coarse projective
moduli space for (semi)stable parabolic locally free sheaves. Furthermore, they proved
that the isomorphism classes of parabolic locally free sheaves that are stable coincides
with the set of equivalence classes of irreducible unitary representations of the topological
fundamental group of X (see [12, Theorem 4.1]).
The concept of parabolic locally free sheaf can be generalized by considering weighted
flags supported on divisors of the smooth projective curve X . These objects are called
generalized parabolic locally free sheaves and they where introduced by U. Bohsle in
[2]. The importance of generalized parabolic locally free sheaves is not only the possible
link to the space of representations of the topological fundamental groups but also the
link to the geometry of the moduli spaces of torsion free sheaves on nodal curves. To
be more precise, U. Bohsle proved that if π : Y → X is the normalization map of a
reducible projective nodal curve then there exists a coarse projective moduli space for
generalized parabolic locally free sheaves (the parabolic structure being supported on
q1 + q2 = π
−1(p)) on Y together with a morphism to the moduli space of torsion free
sheaves on X of rank r and degree d making the former moduli space a desingularization
of the later provided (r, d) = 1 (see [3]).
Likewise, generalized parabolic structures have been applied for studying the geome-
try of the moduli space of Hitchin pairs over a reducible curve. In [5], U. Bhosle constructs
a morphism between the moduli space of Hitchin pairs with generalized parabolic struc-
ture over the normalization Y and the moduli space of Hitchin pairs over the reduced
curve X , showing that under certain condition this is a birrational morphism whose
image contains all stable Higgs bundles.
These ideas have also been applied to the more general problem of studying the com-
pactification of the moduli space of principal G-bundles over an irreducible nodal curve.
In [15], A. Schmitt realized that, once a faithful representation ρ : G →֒ SL(V ) is fixed,
every principal G-bundle can be seen as a pair (E , τ) formed by a locally free sheaf E
and a non-trivial morphism of algebras τ : S•(V ⊗ E )G → OX . These objects are called
singular principal G-bundles and they carry a semistability condition, which depends (a
priori) on a positive rational parameter δ ∈ Q>0. Then, the main result is that there ex-
ists a coarse projective moduli space for δ-(semi)stable singular principal G-bundles and
it coincides with the classical moduli space provided δ is large enough. This motivated
the works [4, 17, 18], where U. Bohsle generalized the definition of singular principal
G-bundles, as well as the δ-(semi)stability condition, over an irreducible nodal curve in
a natural way and proved the existence of a projective moduli space for them, while A.
Schmitt studied the asymptotic behavior of the δ-(semi)stability condition obtaining a
similar result as that of the smooth case. The study of the asymptotic behavior of the
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δ-(semi)stability condition becomes harder when the curve has singularities, and it was
carried out in [17, 18] by considering singular principal G-bundles on X as singular prin-
cipal G-bundles with generalized parabolic structures on the normalization Y . Therefore,
the moduli spaces of singular principal G-bundles with generalized parabolic structures
over a smooth projective curve play an important role in this problem.
On the other hand, singular principal G-bundles with generalized parabolic structures
have been applied to the construction of a compactification of the moduli space of prin-
cipal Higgs G-bundles over an irreducible nodal curve (see [7] for instance). In this case,
A. Lo Giudice and A. Pustetto enlarge the category of principal Higgs G-bundles on the
nodal curve to the category of singular principal G-bundles together with a Higgs field,
which can be seen as singular principal G-bundles with generalized parabolic structure
together with a Higgs field on the normalization of the nodal curve. Again, the moduli
space of the last objects plays an important rol in the study of the moduli space of the
first objects.
Goal of the paper
Let X be a projective nodal curve with nodes x1, . . . , xν and l irreducible components,
and π : Y =
∐l
i=1 Yi → X its normalization. We fix an ample invertible sheaf OX(1) on
X and we denote by OY (1) the ample invertible sheaf obtained by pulling OX(1) back
to Y . We denote by h the degree of OY (1), by y
i
1, y
i
2 the points in the preimage of the
ith nodal point xi, by Di = y
i
1 + y
i
2 the corresponding divisor on Y and by D =
∑
Di
the total divisor. Let G be a semisimple linear algebraic group, ρ : G →֒ SL(V ) a
faithful representation of dimension r ∈ N, δ ∈ Q>0 and d ∈ Z. Let SPB(ρ)
δ−(s)s
r,d be
the moduli space of δ-(semi)stable singular principal G-bundles of rank r and degree d
over X (see [13]). Consider the set J(r) = {(e1, . . . , eν) ∈ Nν | 1 ≤ ei ≤ r}. Then, there
is a stratification, SPB(ρ)
δ−(s)s
r,d :=
⋃
e∈J(r) SPB(ρ)
δ-(s)s
r,d,e , where SPB(ρ)
δ-(s)s
r,d,e parametrizes
singular principal bundles, (F , τ), with Fxi ≃ O
ei
X,xi
⊕ mr−eixi . The goal of this paper
is to construct a coarse projective moduli space, D(ρ)
(κ,δ)-(s)s
r,d(e,r),e, for (κ, δ)-(semi)stable
descending singular principal G-bundles with generalized parabolic structures over Y =∐l
i=1 Yi of given type e supported on the divisors Di (see Theorem 5.6) together with a
morphism (see Equation 26)
Θ : D(ρ)
(κ,δ)-(s)s
r,d :=
∐
e∈J(r)
D(ρ)
(κ,δ)-(s)s
r,d(e,r),e −→ SPB(ρ)
δ-(s)s
r,d .
We show that he restriction to each component Θe : D(ρ)
(κ,δ)-(s)s
r,d(e,r),e −→
⋃
e′≤e SPB(ρ)
δ-(s)s
r,d,e′
induces an isomorphism between a (functorialy well defined) dense open subscheme of
the stable locus We ⊂ D(ρ)
(κ,δ)-s
r,d(e,r),e and SPB(ρ)
δ-s
r,d,e (see Theorem 5.11). Therefore, Θe
induces a birational surjective and proper morphism D(ρ)
(κ,δ)-(s)s
r,d(e,r),e ։ SPB(ρ)
δ-s
r,d,e when
the stable locus is dense inside D(ρ)
(κ,δ)-(s)s
r,d(e,r),e.
Outline of the paper
In Section 2 we introduce the basic definitions of generalized parabolic swamps and gen-
eralized parabolic singular principal G-bundles of given type, as well as the semistability
conditions. In Section 3 we prove the existence of a coarse projective moduli space for
generalized parabolic (κ, δ)-(semi)stable swamps of given type. The main difficulty here
is to find the linearized projective embedding that makes the semistability condition to
coincide with the Hilbert-Mumford semistability. In Section 4 we prove the existence
of a coarse projective moduli space for (κ, δ)-(semi)stable singular principal G-bundles.
By [13, Theorem 5.5], this is a direct consequence of the results proved in Section 3. In
Section 5, we construct the coarse moduli space for descending singular principal bundles
over the normalization, as well as the morphism Θ that relates it with the closure of the
stable locus of the moduli space of singular principal bundles over the nodal curve.
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§2
Preliminaires
Let Y =
∐l
i=1 Yi be a disjoint union of smooth projective and irreducible curves, ji :
Yi →֒ Y the natural embedding of the ith component, OY (1) an ample invertible sheaf
and OY1(1) = j
∗
i OY (1) the restriction of OY (1) to the component Yi. Set h := deg(OY )
and hi := deg(OYi). Given a coherent sheaf on Y , we know that E =
⊕l
i=1 ji∗(E |i), where
Ei := E |Yi . The multirank of E is defined as the tuple (r1, . . . , rl) (where ri = rk(Ei))
while the multidegree is defined as (d1, . . . , dl) (where di = deg(Ei)). If r ∈ N and
rk(Ei) = r for all i (we will say the rank is equal to r), then PE (n) = αn + rχ(Y ) + d,
where α = hr and d =
∑l
i=1 di.
2.1. — Generalized parabolic structures
Definition 2.1. Let r ∈ N, d ∈ Z and e := (e1, . . . , eν) ∈ Nν with ei ≤ r. A generalized
parabolic locally free sheaf of rank r, degree d and type e over Y is a tuple (E , q1, . . . , qν)
where E is a locally free sheaf of rank r and degree d, and qi is a quotient of dimension
ei, E (y
i
1)⊕ E (y
i
2)։ Ri, E (y
i
j) being the fibre of E over y
i
j .
In order to abreviate the notation we will use the symbol q to refer to the tuple
(q1, . . . , qν). Denote by R := ⊕Ri the total vector space. Since the supports of the
divisors Di are disjoint we have Γ(D, E |D) =
⊕
Γ(Di, E |Di) =
⊕
(E (yi1)⊕ E (y
i
2)). From
this, we can form the quotient q := ⊕qi : Γ(D, E |D)→ R→ 0.
Definition 2.2. Let (E , q) and (E ′, q′) be generalized parabolic locally free sheaves on
Y . A homomorphism between them is a tuple (f, u1, . . . , uν) where f : E → E ′ is a
homomorphism of OY -modules and ui : Ri → R′i is a homomorphism of vector spaces
such that q′i ◦(f(y
i
1)⊕f(y
i
2)) = ui ◦qi, where f(y) denotes de induced linear map between
the fibers at y ∈ Y .
Notation. Given a tuple of natural numbers (e1, . . . , eν) ∈ Nν , we will denote by I(e)
the set {i ∈ {1, . . . , ν} such that ei 6= 0} of multitindices of non zero components.
Definition 2.3. Let r ∈ N, d ∈ Z and e := (e1, . . . , eν) ∈ Nν with ei ≤ r. For each
i ∈ I(e), fix κi ∈ (0,
ei
r
) ∩ Q. Let (E , q) be a generalized parabolic locally free sheaf of
rank r, degree d and type e. We define the κ-parabolic degree for any subsheaf F ⊆ E
as
κ-pardeg(F ) := deg(F )−
∑
i∈I(e)
κi
r
ei
dim qi(F (y
i
1)⊕F (y
i
2))
Remark 2.4. Formally, we can take as κi any rational number. Taking κi =
ei
r
we
recover the definition given in [17]. On the other hand, tanking ei = r we recover the
definition given in [18]. Thus, both are particular cases of the one considered in this
work.
2.2. — Swamps with generalized parabolic structures
Let r ∈ N, d ∈ Z and e := (e1, . . . , eν) ∈ Nν with ei ≤ r. Fix non negative integers a, b, c
and an invertible sheaf L on Y .
Definition 2.5. A swamp with generalized parabolic structure of type (a, b, c,L , e) rank
r and degree d is a triple (E , q, φ) where (E , q) is a generalized parabolic locally free sheaf
of rank r, degree d and type e, and φ : (E ⊗a)⊕b → det(E )⊗c⊗L is a non-zero morphism.
Notation. In order to be shorter, we will denote the tuple (a, b, c,L , e) that defines the
type of a generalized parabolic swamp by the symbol tp.
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Let φ : (E⊗a)⊕b → det(E )⊗c ⊗ L be a swamp on Y and let (E•,m) be a weighted
filtration. For each Ei denote by αi its multiplicity and by α the multiplicity of E . Define
the vector Γ :=
∑t
1miΓ
(αi), where Γ(l) = (l−α, ×l. . ., l− α, l,×α−l. . . , l). Let us denote by J
the set {multi-indices I = (i1, . . . , ia)|Ij ∈ {1, . . . , t+ 1}}. Define
µ(E•,m, φ) := −minI∈J{Γαi1 + . . .+ Γαia |φ|(Ei1⊗...⊗Eia )⊕b 6= 0},
Pκ(E•,m) :=
s∑
i=1
mi(κ-pardeg(E )αi − κ-pardeg(Ei)α).
Definition 2.6. Let δ ∈ Q>0. For each i ∈ I(e), fix κi ∈ (0,
ei
r
) ∩ Q. A general-
ized parabolic swamp (E , q, φ) of rank r degree d and type tp = (a, b, c,L , e) is (κ, δ)-
(semi)stable if for every weighted filtration (E•,m) of E , the inequality Pκ(E•,m) +
δµ(E•,m, φ)(≥)0 holds true.
Remark 2.7. Observe that there is a positive integerA, depending only on the numerical
input data, r, a, b, c and L , such that it is enough to check the δ-semistability condition
for weighted filtrations with mi < A. This follows from [8, Lemma 1.4] changing ranks
by multiplicities.
Let S be a scheme. Set SDi := S × Di ⊂ S × Y and let πSi : S × Di → S be the
projection onto the first factor. A family of generalized parabolic locally free sheaves
parametrized by S is a tuple (ES , qS) where ES is a family of locally free sheaves on Y
parametrized by S of rank r and degree d, and q
S
= (qS1, . . . , qSν), qSi : πSi∗(ES |SDi )→
Ri → 0 being a quotient locally free sheaf of rank ei on S. A family of generalized
parabolic swamps is a quadruple (ES , qS ,NS , φS) where (ES , qS) is a family of generalized
parabolic locally free sheaves of rank r and degree d, NS is an invertible sheaf on S, and
φS : (E
⊗a
S )
⊕b → det(ES)⊗c ⊗ π∗Y L ⊗ π
∗
SNS is a morphism of locally free sheaves on
S × Y such that φS |{s}×Y is non-zero for all s ∈ S. Finally, (κ, δ)-(semi)stable families
are families which are (κ, δ)-(semi)stable fiberwise. Then, one can introduce the moduli
problem defined by the functor
SGPS
(κ,δ)−(s)s
r,d,tp (S) =

isomorphism classes of families of
(κ, δ)-(semi)stable generalized parabolic
swamps (ES , qS ,NS , φS) parametrized
by S with rank r, degree d and type tp
 .
2.3. — Singular principal G-bundles with generalized parabolic structures
Let G be a semisimple linear algebraic group and let ρ : G →֒ SL(V ) be a faithful
representation.
Definition 2.8. A singular principal G-bundle over Y is a pair (E , τ) where E is a
locally free sheaf and τ : S•(V ⊗ E )G → OY is a non-trivial morphism of OY -algebras.
Definition 2.9. Let r ∈ N, d ∈ Z and e := (e1, . . . , eν) ∈ Nν with ei ≤ r. A singular
principal G-bundle with a generalized parabolic structure over Y of rank r, degree d and
type e is a triple (E , τ, q) where (E , q) is a generalized parabolic locally free sheaf of rank
r, degree d and type e, and (E , τ) is a singular principal G-bundle.
Definition 2.10. Let (E , τ, q) and (G , λ, p) be singular principalG-bundles with general-
ized parabolic structure on Y . A morphism between them is a morphism of OY -modules
f : F → G compatible with both structures. The isomorphisms are the obvious ones.
Following [13, Theorem 5.5], we can assign to any singular principal G-bundle a
swamp of type (a, b, 0,OY ) for certain naural numbers a, b that depends only on the
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numerical input data,
isomorphism classes
of singular principal
G-bundles
→

isomorphism classes
of swamps
of type (a, b, 0,OY )
 ,
(E , τ, q) 7→ (V ⊗ E , ϕτ , q)
(1)
this map being injective. Thus, we can define, for any weighted filtration (E•,m), the
semistability function µ(E•,m, τ) as µ(E•,m, ϕτ ) (see [13, Definition 6.1]).
Definition 2.11. Let r ∈ N, d ∈ Z, e := (e1, . . . , eν) ∈ Nν with ei ≤ r, and δ ∈ Q>0. For
each i ∈ I(e), fix κi ∈ (0,
ei
r
)∩Q. A generalized parabolic singular principal G-bundle of
rank r degree d and type e, (E , q, τ), is (κ, δ)-(semi)stable if for every weigted filtration
(E•,m) of E , the inequality Pκ(E•,m) + δµ(E•,m, τ)(≥)0 holds true.
Then, one can define a family as in the case of swamps and introduce the moduli
problem defined by the functor
SPBGPS(ρ)
(κ,δ)-(s)s
r,d,e (S) =

isomorphism classes of families
of (κ, δ)-(semi)stable singular
principal G-bundles with
generalized parabolic structure
on Y parametrized by S with
rank r degree d and type e

. (2)
2.4. — Some calculations in geometric invariant theory
Recall that a basis u := (u1, . . . , up) of the vector space U , together with a vector
γ = (γ1, . . . , γp) ∈ Np such that γ1 ≤ . . . ≤ γp and
∑p
i=1 γi = 0, defines a one parameter
subgroup λ(u, γ) : C → SL(U). Conversely, every one parameter subgroup of SL(U)
arises in this way (see [19, Example 1.5.1.12]). Furthermore, every one parameter sub-
group of SL(U) determines a weighted flag (U•,m) of U and every weighted flag arises in
this way as well. It turns out that the Hilbert-Mumford function, µ(−, λ) depends only
on the associated weighted flag of λ and not on λ itself (see [19, Proposition 1.5.1.35,
Example 1.5.1.36]).
We derive the explicit expression of the Hilbert-Mumford criterion (see [14, Theorem
2.1, Proposition 2.3]) in some situations that will be important for our proposes. Similar
calculations can be found along [19], so we will skip some details.
2.4.1.—Example 1 Let p, r be integers such that 1 ≤ e ≤ p− 1. Let G r := Grasse(U⊕2)
be the Grassmannian of e-dimensional quotients of U⊕2, U being a p-dimensional vector
space, and let N be positive integer. The Grassmannian can be embedded into the
projective space through the Plu¨cker embedding ι : G r →֒ P(∧eU⊕2). The group SL(U)
acts on both spaces through the diagonal δ : SL(U) →֒ SL(U⊕2) in the obvious way,
and ι is SL(U)-equivariant. If O(1) is the tautological invertible sheaf on P(∧eU⊕2),
then L := ι∗O(1) is a SL(U)-linearized very ample invertible sheaf. Let us compute the
semistability function of points in G r with respect to L .
Let {u1, . . . , up} be a basis of the vector space U . Then, a basis of ∧eU⊕2 is given by
the vectors uI,J := (ui1 , 0)∧ . . .∧ (uil , 0)∧ (0, uj1)∧ . . .∧ (0, uje−l). Let λ : Gm → SL(U)
be a one parameter subgroup. Fix a basis u = {u1, . . . , up} and integers γ1 ≤ . . . ≤ γp
such that λ = λ(u, γ). Then, we have
µL (τ, λ(u, γ)) =
s∑
i=1
i dim(Ker(τ))−p dim(Ker(τ)∩(Ui⊕Ui)) =
s∑
i=1
p dimτ(Ui⊕Ui)−ie,
where (U•,m) is the weighted filtration associated to λ.
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2.4.2.—Example 2 Let Y1, . . . , Yl be smooth projective connected curves, and consider
their disjoint union, Y :=
⊔
Yi. Let N1, . . . ,Nl be invertible sheaves on Y1, . . . , Yl
respectively and denote by N :=
⊕
Ni the corresponding invertible sheaf on Y . Let
r, n ∈ N and let U be a vector space of dimension p > r. Consider now, for each
i, the projective space given by Gi1,N := P(Hom(
∧r
U,H0(Yi,Ni(rn)))
∨), and define
G1,N = G
1
1,N × . . . × G
l
1,N . Let b1, . . . , bl ∈ N and consider the very ample invertible
sheaf on G1 given by L := π
∗
1OG11,N
(b1) ⊗ . . . ⊗ π∗l OGl1,N (bl) with the obvious SL(U)-
linearization. For the sake of clarity, we will use the symbol Li to denote the invertible
sheaf OGi
1,N
(1). Clearly µL ([g], λ) =
∑l
i=1 biµ
pi∗i Li([g], λ) =
∑l
i=1 biµ
Li([gi], λ), [gi]
being the i-th component of [g]. Therefore the calculation of the semistability function
of points of G1,N with respect to L is reduced to the calculation of the semistability
function of points of Gi1,N with respect to Li. Let E be a locally free quotient sheaf of
rank r q : U ⊗ OY (−n) → E → 0 whose determinant is isomorphic to N . Restricting
to the i-th component, twisting by n, taking the r-th exterior power and taking global
sections we find the morphism H0(∧r(qi(n))) : ∧
rU → H0(Y,Ni(rn)), whose equivalence
class defines a point [H0(∧r(qi(n)))] ∈ Gi1,N . Now, a short calculation shows that
µLj ([H0(∧r(qj(n)))], λ) =
s∑
i=1
mi(rk(Ei|Yj )p− rdim(Ui)),
(Ui,mi) being the ith term of the weighted filtration associate to λ and Ei|Yj the restric-
tion to Yj of the saturated subsheaf generated by Ui.
2.4.3.—Example 3 Consider the same situation as in Example 2. Let L be an invertible
sheaf on Y , U a p-dimensional vector space and a, b, c, n ∈ N. Given an invertible sheaf
N on Y we define the projective space G2,N = P(Hom(Ua,b, H
0(Y,N ⊗c ⊗L (na)))∨),
where Ua,b := (U
⊗a)⊕b. Consider the pair (q, φ) given by a locally free quotient sheaf of
rank r, q : U ⊗ OY (−n) → E , whose determinant is isomorphic to N and a morphism
φ : (E ⊗a)⊕b → N ⊗c ⊗ L . Let ∆: Ua,b →֒ U
⊕l
a,b be the diagonal linear map, and con-
sider the morphism H0((q(n)⊗a)⊕b) ◦ ∆: Ua,b → H0(Y, (E⊗a)⊕b ⊗ OY (na)). Twisting
φ by OY (na), we get H
0(φ(na)) : H0(Y, (E ⊗a)⊕b ⊗ OY (na)) → H0(Y,N ⊗c ⊗ L (na)).
Composing both morphisms we get a point in G2,N ,
[H0(φ(na)) ◦H0((q(n)⊗a)⊕b) ◦∆]: Ua,b → H
0(Y,N ⊗c ⊗L (na))] ∈ G2,N . (3)
Set p = dim(U) and let u = (u1, . . . , up) be a basis of U . For any multiindex I =
(i1, . . . , ia) with ij ∈ {1, . . . , p} define uI := ui1⊗. . .⊗uia and u
k
I := (0, . . . , 0,
k)
uI , 0, . . . , 0).
Then the elements ukI form a basis of Ua,b and the group SL(U) acts on G2,N in the
obvious way. We want to compute the semistability function for points T ∈ G2,N of
the form (3) with respect to the natural SL(U)-linearization of OG2,N (1). Let λ : Gm →
SL(U) be a one parameter subgroup. Then there exists a basis u1, . . . , up of U and
integers γ1 ≤ . . . ≤ γp with
∑
γi = 0 such that λ(z)ui = z
γiui, ∀z ∈ Gm. For any
multiindex I = (i1, . . . , ia) consider uI and define γI = γi1 + · · · + γia . Then λ : Gm →
SL(U) acts by λ(z) • ukI = z
γI • ukI , ∀z ∈ Gm, and we have µ([T ], λ) = −min{γI |T (u
k
I ) 6=
0}. Given a multiindex I = (i1, . . . , ia) we want to compute γI = γi1 + · · · + γia for
γ = (i − p, . . . , i − p, i, . . . , i). Set ν(I, i) := #{j|ij ≤ i}. Then i1, . . . , iν(I,i) ≤ i and
iν(I,i)+1, . . . , ia > i, so γI = (i−p)ν(I, i)+i(a−ν(I, i)) = ia−ν(I, i)p. A short calculation
shows
µ([T ], λ) =
s∑
i=1
mi(ν(I, dimUi)p− dimUia),
(U•,m) being the weighted flag associated to λ and I = (i1, . . . , ia) is the multiindex
giving the minimum of the semistability function.
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§3
Moduli space for generalized parabolic swamps
Let r ∈ N, d ∈ Z, e := (e1, . . . , eν) ∈ Nν with ei ≤ r and δ ∈ Q>0. For each i ∈ I(e) fix
κi ∈ (0,
ei
r
)∩Q. Fix non negative integers a, b, c and an invertible sheaf L on Y . Recall
that h := deg(OY (1)) and hi := deg(OY (1)|Yi ). It will be assumed that these data are
fixed once and for all along this section.
The main result of this section is Theorem 3.9 which shows the existence of a coarse
projective moduli space for (κ, δ)-(semi)stable swamps with generalized parabolic struc-
ture of given type tp = (a, b, c,L , e) and with rank and degree equal to r and d respec-
tively. In order to do so, we have to consider the rigidified functor
rigSGPSnr,d,tp(S) =

isomorphism classes of tuples (ES , qS , φS , gS)
where (ES , φS) is a family of swamps
parametrized by S with rank r and degree d
(ES , qS) is a family of generalized parabolic
locally free sheaves and gS : U ⊗ OS → πS∗ES(n)
is a morphism such that the induced morphism
U ⊗ OY×S(−n)→ ES is surjective

, (4)
where n ∈ N, U := CP (n), P (n) = αn+ rχ(OY ) + d and α = hr.
3.1. — Boundedness for generalized parabolic swamps
Let us denote by Ed,r the family of locally free sheaves on Y of rank r and degree d. Recall
that a family of sheaves E ⊂ Ed,r on Y is bounded if and only if there is a natural number
n0 ∈ N such that for all n ≥ n0 and all locally free sheaves E ∈ E, h
1(Y, E (n)) = 0 and
E (n) is globally generated. Boundedness for locally free sheaves appearing in (κ, δ)-
(semi)stable swamps with generalized parabolic structures (Proposition 3.2) will follow
from the next observation.
Let E be a locally free sheaf over Y and let (E•,m) be a weighted filtration, with
E• ≡ (0) ⊂ E1 ⊂ . . . ⊂ Es ⊂ E . Consider a partition of the multitindex I := (1, 2, . . . , s),
I = I1⊔I2, let us say I1 = (i1, . . . , it) and I2 = (k1, . . . , ks−t). Then, a simple calculation
(see [8, Lemma 1.6] for the connected case) shows that
(
s∑
i=1
mi)a(α − 1) ≥ µ(E•,m, φ) ≥ −(
s∑
i=1
mi)a(α− 1),
µ(E•,m, φ) ≥ µ(E
1
• ,m1, φ)− (
s−t∑
i=1
m2,i)a(α − 1),
(5)
where E 1j = Eij . The following results are important direct consequences of Equation
(5).
Proposition 3.1. A generalized parabolic swamp (E , q, φ) is (κ, δ)-(semi)stable if and
only if for any weighted filtration (E•,m), such that parµ(Ei) ≥ parµ(E ) − C1, where
C1 = aδ + rν, the inequality Pκ(E•,m) + δµ(E•,m, φ)(≥)0 holds true.
Proof. Let (E•,m) be a weighted filtration such that parµ(Ei) < parµ(E ) − C1 for all
i. Since κ-pardeg(Ei)α − κ-pardeg(E )αi < −C1ααi, Equation (5) implies Pκ(E•,m) +
δµ(E•m,φ) ≥ 0.
Proposition 3.2. The family of locally free sheaves of degree d and rank r appearing in
(κ, δ)-(semi)stable swamps with generalized parabolic structure is bounded.
Proof. By Equation (5) and a simple calculation, it follows that µ(E ′) ≤ µ(E )+ aδ+ rν.
Then, we conclude by [10, Lemma 2.5].
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Remark 3.3. Let C′1 = αC1. Note that if deg(E ) ≤ 0 then deg(E
′) ≤ µ(E ) +C′1, and if
deg(E ) > 0 then deg(E ′) ≤ deg(E )+C′1. In both cases the degree of any subsheaf E
′ ⊂ E
is bounded by a constant depending only on a, δ, r, h, ν, d. This in particular means that
for any locally free sheaf E of rank r and degree d appearing in a (κ, δ)-semistable
swamp with generalized parabolic structure of type (a,−,−,−,−) (this means that the
first component is fixed and equal to a but the others are left to be free) we have that
deg(E |Yi) is bounded from below and above by constants depending only on a, δ, α, ν, d
which we will denote by A−(a, δ, r, h, ν, d) and A+(a, δ, r, h, ν, d), or just by A− and A+
if there is no confusion.
3.2. — The Gieseker space and map
Our goal now is to construct the Gieseker space together with the Gieseker map, and to
construct a representative for the moduli functor given in Equation (4). We will assume
that ei 6= 0 for each i = 1, . . . ν. If ei = 0 for some index i, we will only have to drop the
corresponding Grassmannian in Equation (6) and Equation (8) below.
3.2.1.—The parameter space Let H be an effective divisor of degree h in Y such that
OY (H) ≃ OY (1). By Proposition 3.2 we know that there exists a natural number
n0 ∈ N such that for every n ≥ n0 and every (κ, δ)-(semi)stable generalized parabolic
swamp of type tp = (a, b, c,L , e) of rank r and degree d we have H1(Y, E (n)) =
H1(Y, det(E (rn))) = H1(Y, det(E )⊗c ⊗ L ⊗ OY (an)) = 0 and the locally free sheaves
E (n), det(E (rn)), det(E )⊗c ⊗L ⊗ OY (an) are globally generated. Fix n ≥ n0 as above,
and d = (d1, . . . , dl) ∈ Nl with d =
∑l
i=1 di, and set p = rχ(OY ) + d + αn (recall
α = hr). Let U be the vector space C⊕p. We will use the notation Ua,b for (U
⊗a)⊕b.
Denote by Q0 the quasi-projective scheme parametrizing equivalence classes of quotients
q : U ⊗ π∗Y OY (−n)→ E where E is a locally free sheaf of uniform multirank r and mul-
tidegree d = (d1, . . . , dl) on Y and such that the induced map U → H0(Y, E (n)) is an
isomorphism. On Q0 × Y , we have the universal quotient qQ0 : U ⊗ π
∗
Y OY (−n) → EQ0 .
Since n > n0, the sheafH := HomO
Q0
(Ua,b⊗OQ0 , πQ0∗(det(EQ0)
⊗c⊗π∗Y L⊗π
∗
Y OY (na)))
is locally free. Consider the corresponding projective bundle π′ : h = P(H∨) → Q0 and
let qh : U ⊗ π∗Y OY (−n)→ Eh be the pullback of the universal locally free sheaf to h× Y .
Now, the tautological invertible quotient on h, π
′∗H∨ → Oh(1)→ 0, induces a morphism
on h × Y , sh : Ua,b ⊗ Oh → det(Eh)
⊗c ⊗ π∗Y L ⊗ π
∗
Y OY (na) ⊗ π
∗
hOh(1). From the uni-
versal quotient we get a surjective morphism (q⊗ah )
⊕b : Ua,b ⊗ π∗Y OY (−na) → (E
⊗a
h )
⊕b.
Denoting by K its kernel, we get a diagram
0 // K //
((◗
◗◗
◗◗
◗◗
◗ Ua,b ⊗ π∗Y OY (−na)
//
sh⊗pi
∗
Y idOY (−na)

(E⊗ah )
⊕b // 0
det(Eh)
⊗c ⊗ π∗Y L ⊗ π
∗
hOh(1)
From [8, Lemma 3.1], it follows that there is a closed subscheme G ⊂ h over which sh ⊗
π∗Y idOY (−na) factorizes through a morphism φG : (E
⊗a
G )
⊕b → det(EG)⊗c⊗π∗Y L ⊗π
∗
GNG,
π∗GNG being the pullback of the restriction of Oh(1) to G. Then, on the scheme G × Y
we have a family of swamps (EG,NG, φG) parametrized by G. In order to include the
parabolic structure, we need to consider the Grassmannian G ri := Grassei(U
⊕2) of ei
dimensional quotients of U⊕2. Recall that ν is the number of nodes of the curve, so that
we have ν divisors, Di = y
i
1 + y
i
2, in the normalization Y . Define,
Z := G× G r1 × · · · × G rν (6)
and denote by ci : Z → G ri the ith projection. Consider the pullback of the universal
quotient of the Grassmannian G ri by the projection ci, q
i
Z : U
⊕2 ⊗ OZ → RZ , and take
the direct sum qZ : U
⊕2ν ⊗ OZ →
⊕ν
1 RZ . Consider now the two natural projections
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G × Y → G, Z × Y → Z. Denote by NZ the pullback of NG to Z, and by qZ , EZ
and φZ the pullbacks of the corresponding objects over G × Y to Z × Y . Consider
the morphisms πi : Z × {yi1, y
i
2} → Z × {xi} ≃ Z. For each i, there are quotients
fi : U
⊕2×OZ → πi∗(EZ |yi1,yi2) and we can form f : =
⊕
fi : U
⊕2ν×OZ →
⊕
πi∗(EZ |yi1,yi2).
Consider the following diagram,
0 // Ker(f) //
q′
%%
U⊕2ν × OZ
f //
qZ

⊕
πi∗(EZ |yi1,yi2)
// 0
⊕ν
1 RZ
Denote by Id ⊂ Z the closed subscheme given by the zero locus of the morphism q′ (see
[8, lemma 3.1] again). Then the restriction of qZ to Id factorizes through
qId :
ν⊕
1
πi∗(EZ |yi1,yi2)|Id =
ν⊕
1
πiId∗(EId |yi1,yi2)→
ν⊕
1
RZ |Id =
ν⊕
1
RId .
Since f and qZ are diagonal morphisms we deduce that qId is also diagonal. Therefore qId
is determined by ν morphisms qiId : π
i
Id∗
(EId |yi1,yi2) → RId . Denote by (EId ,NId , φId)
the restriction of (EZ ,NZ , φZ) to Id. Then we have a universal family of generalized
parabolic swamps, (EId , qId
,NId , φId), with rank r, multidegree (d1, . . . , dl) and type
tp = (a, b, c,L , e). Let us denote
I(r, d, κ, δ, tp) =
(d1, . . . , dl) ∈ Nl
satisfying the condition d1 + . . .+ dl = d and
such that there exists a (κ, δ)-semistable swamp
with generalized parabolic structure of rank r
multidegree (d1, . . . , dl) and type tp

(7)
From Remark 3.3 it follows that for every multiindex (d1, . . . , dl) ∈ I(r, d, κ, δ, tp) we
have A− ≤ di ≤ A+, i = 1, . . . , l. Thus, I(r, d, κ, δ, tp) is a finite set. Then we define
Ir,d,tp :=
∐
d∈I(r,d,δ)
Id.
3.2.2.—The Gieseker space and map We will show that there is a natural closed embed-
ding of the parameter space Id into certain projective scheme which is SL(U)-equivariant.
Fix a Poincare invertible sheaf Pi on Yi × Pic
di(Yi) and let n ∈ Z. Define the sheaf
Gi1 = HomOPicdi (Yi)
(
∧r U ⊗OPicdi (Yi), πPicdi (Yi)∗(Pi ⊗ π∗YiOYi(rn))). The natural number
we have fixed satisfies n > n0, therefore the above sheaf is locally free, and we can
consider the corresponding projective bundle on Picdi(Yi), G
i
1 = P(G
i∨
1 ). Note that the
determinant map EId 7→
∧
EId |Yi =
∧
(EId |Yi) defines a morphism di : Id → Pic
di(Yi).
Consider now on Id × Y the universal quotient qId : U ⊗ π
∗
Y OY (−n)→ EId . Restricting
to the ith component, twisting by n and taking determinants we get
∧
qiId(n) :
∧r
U ⊗
OId×Yi →
∧r
EId |Yi ⊗ π
∗
Yi
OYi(nr). Let Ni be an invertible locally free sheaf on Id such
that
∧r EId |Yi = (di×idYi)∗Pi⊗π∗IdNi. Then, we have a point πId∗(∧ qiId(n)) ∈ Gi•1 (Id)
for each i.
Define now G2 = HomO
Picd(Y )
(Ua,b ⊗ OPicd(Y ), πPicd(Y )∗(P
⊗c ⊗ π∗Y L ⊗ π
∗
Y OY (na))).
For n > n0, G2 is also locally free and we can consider the corresponding projective bundle
on Picd(Y ), G2 = P(G∨2 ). Consider now the universal quotient qId : U ⊗ OId×Y (−n)→
EId and the universal swamp φId : (E
⊗a
Id
)⊕b → det(EId)
⊗c ⊗ π∗Y L ⊗ π
∗
Id
NId . Let N
be an invertible sheaf on Id such that det(EId) = (d × id)
∗P ⊗ π∗IdN and note Ua,b ⊗
OId×Y ≃ π
∗
Id
(Ua,b ⊗ OId). Composing (qId(n)
⊗a)⊕b with the swamp φId , taking πId∗
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and composing with the adjunction morphism ψ : Ua,b ⊗OId → πI∗dπ
∗
Id
(Ua,b ⊗OId) we
get a point ψ ◦ (πId∗(φId ◦ (qId(n)
⊗a)⊕b)) ∈ G•2(Id).
Altogether, with the obvious morphism to the Grasmannians, Id → Gr1 × . . .× Grν ,
give us the so called Gieseker morphism
Gies : Id // (G11 × . . .×G
l
1)×Picd(Y ) G2 × (Gr1 × . . .× Grν) =: G. (8)
Proposition 3.4. The Gieseker morphism Gies : Id → G is injective and SL(U)-
equivariant.
Proof. Follows as in the connected case (see for instance [6, Lemma 4.3]).
3.3. — Semistability
We will see that making n > n0 even larger, Id contains all (κ, δ)-(semi)stable generalized
parabolic swamps of fixed type and fixed Hilbert polynomial. In order to show that the
quotient I
(κ,δ)-(s)s
d //SL(U) exists and is projective we first find a linearized invertible
sheaf on G for which Gies−1(G(s)s) = I
(κ,δ)-(s)s
d and then we show that Gies|I(κ,δ)-(s)s
d
is a
proper morphism. The main auxiliary result is given in Subsection 3.3.2 (see Theorem
3.5) regarding the sectional semistability condition.
3.3.1.—Semistability in the Gieseker space Let i1, . . . , iν′ be the indices in I(e). Let
b1, . . . , bl, c, ki1 , . . . , kiν′ be positive integers and consider the ample invertible sheaf on
G, OG(b1, . . . , bl, c, ki1 , . . . , kiν′ ). Consider the obvious linearization on it and let G
(s)s be
the set of points which are (semi)stable with respect to the given linearization. Consider
a weighted flag (U•,m), where U• : (0) ⊂ U1 ⊂ . . . ⊂ Us ⊂ U , and m = (m1, . . .ms).
Let λ : Gm → SL(U) be a one parameter subgroup whose weighted flag is (U•,m). Let
t be a rational point of Id and Gies(t) = (t1,1, . . . , t1,l, t2, t3,1, . . . , t3,ν) its image in G.
Let qt : U ⊗ OY (−n) → E be the locally free quotient sheaf corresponding to t. The
weighted filtration (U•,m) induces a filtration of E defined by Eu := q(Uu⊗OY (−n)) ⊂ E .
Assume that h1(Y, Eu(n)) = 0 and lu := dim(Uu) = h
0(Y, Eu(n)). Then, the semistability
function is given by (see Section 2.4)
µ(λ,Gies(t)) =
l∑
i=1
biµG1(λ, t1,i) + cµG2(λ, t2) +
ν∑
i=1
kiµGr(λ, t3,i) =
=
l∑
i=1
bi
s∑
u=1
mu(rk(E
i
u)p− rh
0(Y, Eu(n)))+
+ c
s∑
u=1
mu(ν(I0, lu)p− ah
0(Y, Eu(n)))+
+
∑
i∈I(e)
ki
s∑
u=1
mu(p dim(qi(Eu(y
i
1)⊕ Eu(y
i
2)))− eih
0(Y, Eu(n))).
(9)
We fix now a concrete polarization, defined as follows (recall hi = deg(OY |Yi)),
bi := bhi, b := p− b′, b′ := b′1 + b
′
2, b
′
1 := aδ, b
′
2 := r
∑
j∈I(e) κj ,
c := δrh =
∑l
i=1 δrhi
ki :=
r
ei
κiα.
(10)
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Then, Equation (9) becomes,
µ(λ,Gies(t)) =
s∑
u=1
mu
{
bαup− h
0(Y, Eu(n))αp+
+ cν(I0, lu)p+
∑
i∈I(e)
ακi
r
ei
pdim(qi(Eu(y
i
1)⊕ Eu(y
i
2))
 .
Again, since b = p− b′1 − b
′
2, b
′
1 = aδ and αu =
∑l
i=1 hirk(E
i
u), we get
µ(λ,Gies(t))
p
=
s∑
u=1
mu
{
pαu − αh
0(Y, Eu(n)) + δ
l∑
i=1
hi(rν(I0, lu)− ark(E
i
u))+
+
∑
i∈I(e)
ακi
r
ei
dim(qi(Eu(y
i
1)⊕ Eu(y
i
2))− b
′
2αu
 .
Since the first cohomology groups are assumed to be 0, we find
pαu − αh
0(Eu(n)) = αuPE (n)− αPEu (n) = αudeg(E )− αdeg(Eu).
We also know that κ-pardeg(Eu) = deg(Eu) −
∑
i∈I(e) κi
r
ei
dim(qi(Eu(y
i
1) ⊕ Eu(y
i
2)) and
κ-pardeg(E ) = deg(E )− r(
∑
i∈I(e) κi). Then, we finally get
µ(λ,Gies(t))
p
=
s∑
u=1
mu
{
(αuκ-pardeg(E )− ακ-pardeg(Eu)) + δ(αν(I0, lu)− aαu)
}
.
3.3.2.—Sectional semistability Given a swamp with generalized parabolic structure,
(E , q, φ) rank r, degree d and type tp = (a, b, c,L , e), we will use the following nota-
tion,

parχ(E (n)) := χ(E (n))−
∑
i∈I(e) κi
r
ei
dim qi(F (y
i
1)⊕F (y
i
2)),
parh0(E (n)) := h0(Y, E (n))−
∑
i∈I(e) κi
r
ei
dim qi(F (y
i
1)⊕F (y
i
2)),
parµ(E ) :=
κ-pardeg(E )
α
.
In the next theorem we adapt the result [16, Theorem 2.12] to our case.
Theorem 3.5. There exists n2 ∈ N such that for very n > n2 and every (κ, δ)-
(semi)stable generalized parabolic swamp, (E , q, φ), the following inequality
s∑
i=1
mi(parχ(E (n))αi − parh
0(Ei(n))α) + δµ(E•,m, φ)(≥)0
holds true for every weighted filtration (E•,m).
Proof. Let (E•,m) be a weighted filtration. Assume that each Ei satifies that Ei(n) is
globally generated and h1(Y, Ei(n)) = 0 for each i = 1, . . . , s. Then, for each i we have
parχ(E (n))αi − parh
0(Ei(n))α = κ-pardeg(E )αi − κ-pardeg(Ei)α, and we are done. Let
C1 be the constant given in Proposition 3.2 and let C2 be another constant. Consider the
bounded family of isomorphism classes of locally free sheaves E ′ satisfying a) µ(E ′) ≥
d
α
− C2, b) 1 ≤ α′ ≤ α − 1 and c) µmax(E ′) ≤
d
α
+ C1. Let E be a locally free sheaf
appearing in a a (κ, δ)-(semi)stable swamp of rank r and degree d, and let E ′ ⊂ E be
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a locally free subsheaf that do not belongs to the above family. Applying Le Potier-
Simpson Estimate to the factors of the Harder-Narashimham filtration of E ′ (see [11,
Corollary 3.3.8]), we get
h0(E ′(n)) ≤ α′(
α′ − 1
α′
[
d
α
+ C1 + n+B]+ +
1
α′
[
d
α
− C2 + n+B]+),
where B := −1 + α(α + 1)/2. Assume n is large enough so that d
α
+ C1 + n + B and
d
α
−C2+n+B are positive. Then, h0(E ′(n)) ≤ α′(
d
α
+n+B−C2
α
+C1(α−1)). From this we
deduce that χ(E (n))α′−h0(E ′(n))α ≥ −[B′]+α2+C2−C1α(α−1)2, where B′ := B+
d
α
.
Since B depends only on α, we can define the constant K = K(C1, C2, α, l, κ, d) :=
−[B′]+α2+C2−C1α(α− 1)2− rα(
∑
j∈I(e) κj). Then, parχ(E (n))αi − parh
0(Ei(n))α ≥
−[B′]+α2 + C2 − C1α(α − 1)2 − rα(
∑
j∈I(e) κj). Let C2 be large enough so that K >
δa(α − 1) and let n be large enough so that, for every E ′ satisfying a), b) and c),
h1(Y, E ′(n)) = 0 and E ′ is globally generated. Let (E•,m) be a weighted filtration
with E• ≡ (0) ⊂ E1 ⊂ . . . ⊂ Es ⊂ E and m = (m1, . . . ,ms). We make a partition
of this filtration as follows. Let j1, . . . , jt be the indices such that µ(Eji) ≥
d
α
− C2,
Eji(n) is globally generated and h
1(Y, Eji(n)) = 0 for i = 1, . . . , t. Let l1, . . . , ls−t the
set of indices {1, 2, . . . , s}\{j1, . . . , jt} in increasing order. Define the weighted filtrations
(E1,•,m1) and (E2,•,m2) as
E•,1 ≡ (0) ⊂ Ej1 ⊂ . . . ⊂ Ejt ⊂ E , m1 = (mj1 , . . . ,mjt),
E•,2 ≡ (0) ⊂ El1 ⊂ . . . ⊂ Els−t ⊂ E , m2 = (ml1 , . . . ,mls−t).
From Equation (5) we find that µ(E•,m, φ) ≥ µ(E•,2,m2, φ)− (
∑t
q=1mjq )a(α− 1). Thus
s∑
i=1
mi(parχ(E (n))αi − parh
0(Ei(n))α) + δµ(E•,m, φ) ≥
≥
t∑
q=1
mjq (parχ(E (n))αjq − parh
0(Ejq (n))α) + δµ(E•,1,m1, φ)+
+ (
s−t∑
q=1
mlq )K − δ(
s−t∑
q=1
mlq )a(α− 1) ≥ 0,
and the result is proved.
3.3.3.—(κ, δ)-semistability and Hilbert-Mumford semistability The goal now is to prove
Theorem 3.7, which shows that (κ, δ)-(semi)stability is equivalent to GIT (semi) stability
in the Gieseker space under some conditions.
Let B := −1 + α(α+ 1)/2 be the constant given in the proof of Theorem 3.5 and let
K ′ be a constant such that d+K ′ > 0 and with the property
αK ′ > max
{
d(w − α) + αrν + aδ(α − 1) +Bα(α − 1)|w = 1 . . . α− 1
}
, (11)
Proposition 3.6. There exists n3 ∈ N and a constant C3 such that for every n ≥ n3
and for any triple t = (q : U ⊗ OY (−n) → E , q, φ) of degree d and multiplicity α whose
induced map U → H0(Y, E (n)) is injective and giving a semistable point in the Gieseker
space, G(s)s, µmax(E ) ≤ µ(E ) + C3.
Proof. It is enough to show that deg(E ′) < d+K ′ for the maximal destabilizing subsheaf,
since in such case we would have µ(E ′′) ≤ µ(E ′) <
d+K ′
α(E ′)
≤ d +K ′ ≤ µ(E ) + C3 for
every subsheaf E ′′ ⊂ E , where C3 := µ(E )(α− 1) +K ′.
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Let Q := E /E ′ be the (semistable) quotient locally free sheaf. Let us use the notation
α′ := α(E ′), α′′ := α(Q), d′ := deg(E ′), d′′ := deg(Q), µ′ := µ(E ′) and µ′′ := µ(Q).
Assume that d′ ≥ d+K ′ and and let us show that we get a contradiction. For all n ∈ N
we have h0(Y,Q(n)) ≤ α′′[µ′′ + n+B]+. Then we have to study two different cases.
Consider the first case, h0(Y,Q(n)) ≤ α′′(µ′′+n+B). Set U ′ := H0(Y, E ′(n))∩U . Then
we have,
dim(U ′) ≥ p− h0(Y,Q(n)) ≥ α(
1 − g
h
) + d+ αn− α′′(µ′′ + n+B) ≥
≥ α(
1 − g
h
+ n) + d− d′′ − α′′(
1− g
h
+ n)− α′′B ≥
≥ α′(
1− g
h
+ n) + d+K ′ −B(α− 1).
Consider the locally free sheaf Ê := Im(U ′ ⊗ OY (−n) → Et). Thus, we have U ′ ⊂
H0(Y, Ê (n)) ∩ U (see [8, Lemma 3.3 ], which also holds true in our case), rk(Ê |Yi) ≤
rk(E ′|Yi) and Ê is generically generated by global sections. Let {u1, . . . , ui} be a basis
for U ′ and complete it to a basis u = {u1, . . . , up} of U . Let λ = λ(u, γ
(i)
p ) be the asso-
ciated one parameter subgroup. Then we clearly have that µGi1(λ, i1,i(t)) = prk(Ê |Yi)−
rdim(U ′) ≤ prk(E ′|Yi) − rdim(U
′). Since ν(I, i) ≤ a, we also have µG2(λ, i2(t)) ≤
a(p− dim(U ′)). Therefore,
µG(λ,Gies(t)) =
l∑
i=1
biµGi1(λ, i1,i(t)) + cµG2(λ, i2(t))+
+
ν∑
i=1
ki(pdim(qi(Ê (y
i
1)⊕ Ê (y
i
2)))− eidim(U
′)) ≤
≤
l∑
i=1
di(p− aδ − r(
∑
i∈I(e)
κi))(prk(E
′|Yi)− rdim(U
′))+
+
l∑
i=1
diδra(p− dim(U
′))+
+
∑
i∈I(e)
κi
r
ei
α(pdim(qi(E
′(yi1)⊕ E
′(yi2)))) − rhdim(U
′)).
An easy calculation give us
µG(λ,Gies(t))
p
≤α′(p− r(
∑
i∈I(e)
κi))− α{dim(U
′)−
−
∑
i∈I(e)
κi
r
ei
α(dim(qi(E
′(yi1)⊕ E
′(yi2))))} + aδ(α− α
′).
(12)
Since p = α(n + 1−g
h
) + d and dim(U ′) ≥ d +K ′ + α′(n + 1+g
h
) − B(α − 1), we deduce
that,
µG(λ,Gies(t))
p
≤aδ(α− α′)− αK ′ +Bα(α − 1)− rα′(
∑
i∈I(e)
κi)+
+ α(
∑
i∈I(e)
κi
r
ei
dim(qi(E
′(yi1)⊕ E
′(yi2)))) + d(α
′ − α).
Since α′r(
∑
i∈I(e) κi) > 0, α
∑
i∈I(e) κi
r
ei
dim(qi(E
′(yi1) ⊕ E
′(yi2))) < ανr (because κi <
ei
r
) and α − α′ < α− 1, we get µG(λ,Gies(t)) < 0. However Gies(t) is semistable so we
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get a contradiction.
Consider now the second case, h0(Y,Q(n)) = 0. Assuming n >
g − 1
h
, we have dim(U ′) =
p. The same calculation as before (see Equation (12)) shows that
µG(λ,Gies(t))
p
≤ α′(p− r(
∑
i∈I(e)
κi))− α{dim(U
′)−
−
∑
i∈I(e)
κi
r
ei
dim(qi(E
′(yi1)⊕ E
′(yi2)))}+ aδ(α− α
′) ≤
≤ (α′ − α)(p− aδ) + ανr.
Assume n is large enough so that p − aδ >
−ανr
α′ − α
(recall that p = rχ(OY ) + d + αn).
Then, µG(λ,Gies(t)) < 0 and we get again a contradiction.
Theorem 3.7. There exists n4 ∈ N such that for every n ≥ n4, (Et, qt, τt) is (κ, δ)-(semi)
stable if and only if t ∈ Gies−1(G(s)s).
Proof. 1) From the construction of the parameter space, we know that qt induces an
isomorphism U ≃ H0(Y, Et(n)). Then, by Proposition 3.6, Gies(t) ∈ Gδ−(s)s implies
µmax(Et) ≤
deg(E )
α
+ C3. We also know, by Proposition 3.1, that (Et, qt, φt) is (κ,δ)-
(semi)stable if and only if Pκ(E•,m)+δµ(E•,m, φ)(≥)0 for every (E•,m) with parµ(Ej) ≥
parµ(E ) − C1. Observe that, in this case, µ(Ej) > parµ(Ej) ≥ parµ(E ) − C1 ≥ µ(E ) −
ν
h
− C1. Denote C1 =
ν
h
+ C1. Consider the family of locally free sheaves satisfying
a) µmax(E
′) ≤ deg(E )
α
+ C3, b) parµ(E
′) ≥ parµ(E ) − C1 and c) 1 ≤ α′ ≤ α − 1. This
family is clearly bounded. Therefore, there is a natural number, n ∈ N, large enough
such that E ′(n) is globally generated and h1(Y, E ′(n)) = 0 for any E ′ of this family.
Now, fix a weighted filtration (E•,m) of Et satisfying conditions a), b) and c). Let
u = {u1, . . . , up} be a basis of U , such that there are indices l1, . . . , ls with U (lj) :=
〈u1, . . . , ulj 〉 ≃ H
0(Y, Ej(n)) for each j. Define γ =
∑s
j=1 αjγ
(lj)
p and consider the
one parameter subgroup, λ(u, γ
(lj)
p ) . Let I0 be a multiindex giving the minimum in
µG2(λ(u, γ)). Then µG(λ(u, γ),Gies(t))(≥ 0) if and only if µG(λ(u, γ),Gies(t))/p (≥ 0).
But looking at the calculations at the beginning of Section 3.3.1, we have
0(≤)
µG(λ(u, γ),Gies(t))
p
=
=
s∑
u=1
mu{(α̂uκ-pardeg(E )− ακ-pardeg(Êu)) + δ(αν(I0, lu)− aα̂u)},
Êi being the saturated subsheaf generated by Ei. Finally, since α̂i := α(Êi) = αi and
κ-pardeg(Êi) ≥ κ-pardeg(Ei), we get
0(≤)
µG(λ(u, γ),Gies(t))
p
=
=
s∑
u=1
mu{(αEuκ-pardeg(E )− ακ-pardeg(Êu)) + δ(αν(I0, lu)− aα̂u)} ≤
≤
s∑
u=1
mu{(αuκ-pardeg(E )− ακ-pardeg(Eu)) + δ(αν(I0, lu)− aαu)} =
=Pκ(E•,m) + δµ(E•,m, τ).
Thus, the swamp is (κ, δ)-semistable.
2) By Theorem 3.5 we deduce that
s∑
i=1
mi(parχ(E (n))αi − parh
0(Ei(n))α) + δµ(E•,m, φ)(≥)0 (13)
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for any weighted filtration (E•,m) of Et. Let λ be a one parameter subgroup and (U•,m
′)
a weighted filtration such that λ = λ(U•,m
′). This filtration together with the quotient
qt : U ⊗ OYt(−n)→ Et induces a chain
(0) ⊆ E ′1 ⊆ . . . ⊆ E
′
s′ ⊆ Et (14)
and, therefore, a filtration E• ≡ (0) ⊂ E1 ⊂ . . . ⊂ Es ⊂ Et, formed by the different
subsheaves collected in the above chain. Let J = (i1, . . . , is) be the multiindex defined
by the following condition: ij ∈ {1, . . . , s′} is the maximum index among those k ∈
{1, . . . , s′} such that Ej = E ′k. Denote by mj the sum of the numbers m
′
k corresponding
to those sheaves in the chain (14) which are equal to Ei, i.e., mj = mk+mk+1+ . . .+mij ,
(k, k + 1, . . . , ij) being the indices such that E
′
k = E
′
k+1 = . . . = E
′
ij
= Ej. We get in this
way a weighted filtration (E•,m). Multiplying by p in Equation (13) we get
0 ≤
s∑
i=1
mi
{
p2αi − ph
0(Y, Ei(n))α+ δp(ανi(I0)− aαi)+
+p
∑
j∈I(e)
κj
r
ej
dim(qj(Ei(y
j
1)⊕ Ei(y
j
2)))α − rp(
∑
j∈I(e)
κj)αi
}
.
The inverse calculation presented in Subsection 3.3.1 gives
0 ≤
l∑
u=1
bu
s∑
i=1
mi(rk(E
u
i )p− rh
0(Y, Ei(n)))+
+ c
s∑
i=1
mi(νi(I0)p− ah
0(Y, Ei(n)))+
+
∑
j∈I(e)
kj
s∑
i=1
mi(pdim(qj(Ei(y
j
1)⊕ Ei(y
j
2)))− ejh
0(Y, Ei(n))).
(15)
Since li := dimUi ≤ h
0(Y, Ei(n)), Equation (15) turns into
0 ≤
l∑
u=1
bu
s′∑
i=1
m′i(rk(E
u
i )p− rli)+
+ c
s′∑
i=1
m′i(νi(I0)p− ali)+
+
∑
j∈I(e)
kj
s′∑
i=1
m′i(pdim(qj(Ei(y
j
1)⊕ Ei(y
j
2))) − ejli) =
=µG(λ(U•,m
′),Gies(t)),
and the proposition is proved.
3.4. — The moduli space
The last step before proving the existence of the moduli space consists in showing that
the restriction of the Gieseker map to the (κ, δ)-semiststable locus is proper.
Proposition 3.8. There exists n large enough such that the Gieseker morphism, Gies :
I
(κ,δ)-(s)s
d → G
s(s) , is proper for any d ∈ Ir,d,δ.
Proof. For the sake of notation we drop the subindex d. We use the the valuative criterion
for properness. Let (O,m, k) be a DVR, K being its field of fractions and assume we
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have a conmutative diagram
Spec(K)
hK //

I
(κ,δ)-(s)s
d

{0, η} = S : Spec(O)
h // G(s)s.
The morphism hK is given by a family (qK , qK , φK) over YK := Y × Spec(K), where
qK :U ⊗ OYK (−n)։ EK
φK :(E
⊗a
K )
⊕b → det(EK)
⊗c ⊗LK
qiK :Γ(EK |yi1,yi2)→ RK
(16)
Let us see that hK can be extended to a family, ĥ = (qS , φS , qS), over Y × S. The
quotient qK defines a point in the Quot scheme of quotients of U ⊗ OY (−n) with the
fixed Hilbert polynomial P (n). Therefore, there exists a (unique) flat extension
qS : U ⊗ π
∗
OY (−n)։ ES (17)
over Y × S. Define now the sheaves M := πS∗(det(ES)⊗c ⊗ π∗Y L ⊗ π
∗
Y OY (an)) and
G = πS∗((U
⊗a)⊕b⊗π∗Y OY ). Both sheaves are locally free, so we can form the projective
space over S, prS : P := P(HomO(G ,M )
∨)→ S, which carries a tautological morphism
over P× Y ,
pr∗PprP∗((U
⊗a)⊕b ⊗ pr∗Y OY )→ (idY × prS)
∗det(ES)
⊗c ⊗ pr∗Y OY (an)⊗ pr
∗
Y L ⊗ pr
∗
POP(1)
Now, the canonical morphism ∆ : pr∗
P
prP∗((U
⊗a)⊕b⊗π∗Y OY )→ (U
⊗a)⊕b⊗π∗Y OY induces
a diagram
K //
g
((
pr∗
P
prP∗((U
⊗a)⊕b ⊗ pr∗Y OY )
//

(idY × prS)
∗(ES(n)
⊗a)⊕b
H′ ,
where H′ = (idY × prS)
∗det(ES)
⊗c ⊗ pr∗Y OY (an)⊗ prY L ⊗ pr
∗
P
OP(1). Let S ⊂ P be the
closed subscheme over which g is the zero morphism, i.e., over which the tautological
morphism factorizes through (idY × prS)
∗(ES(n)
⊗a)⊕b. Thus, we have over S × Y a
morphism (idY ×prS)
∗(E ⊗aS )
⊕b → (idY ×prS)
∗det(ES)
⊗c⊗prY L ⊗pr
∗
P
OP(1). Note now
that the morphism φK : (E
⊗a
K )
⊕b → det(EK)⊗c ⊗ LK defines a point Spec(K) → S.
Since S is projective this point extends (uniquely) to a point Spec(O) → S, i.e., to a
morphism
φS : (E
⊗a
S )
⊗b → det(ES)
⊗c ⊗ π∗Y L ⊗N (18)
Let us extend now the parabolic structure. Since ES,η ≃ EK we have an isomorphism
πK∗(ES,η|Di) ≃ πK∗(EK |Di). Thus composing with πK∗(EK |Di)։ RK , we get a surjec-
tion πK∗(ES,η|Di)։ RK . Observe that the morphism πS : Di×S → S is finite, thus affine
and proper. By flat base change, we know that πK∗(ES,η|Di) = j
∗πS∗(ES |Di), j being
the open embedding j : η →֒ S. Now, taking the push-forward and composing with the
canonical map πS∗(ES |Di) → j∗j
∗πS∗(ES |Di), we get a morphism πS∗(ES |Di) → j∗RK .
Let RS ⊂ j∗RK be its image. Then by [9, Proposition 2.8.1], RS is S-flat (thus a free
O-module) and the quotient
qiS : πS∗(ES |Di)։ RS (19)
extends qiS : πK∗(EK |Di)։ RK (thus rk(RS) = ei). Then the family given in Equations
(17), (18), (19), ĥ = (qS , φS , qS), extends the family given in Equation (16) to S. Clearly,
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the family (qS , φS , qS) defines an S-valued point t : S → G in the Gieseker space. Since
t(η) = h(η) we deduce that t(0) = h(0), thus it defines a semistable point in G. Let us
show that q(0) induces an isomorphism U ≃ H
0(Y, E(0)(n)). To show that it is injective,
we consider the kernel, H ⊂ U , of H0(q(0)(n)) : U → H
0(Y, E(0)(n)). Since t(0) is
semistable we have,
µG(λ, t(0)) =
l∑
i=1
biµGi1(λ, t1,i(0)) + cµG2(λ, t2(0))+
+
∑
i∈I(e)
kiµGr(λ, t3,i(0)) =
=
l∑
i=1
bi(−rdim(H)) + ca(−dim(H))+
+
∑
i∈I(e)
ki(pdim(ti0(H ⊕H)− eidim(H)) =
=
l∑
i=1
di(p− aδ − r
∑
j∈I(e)
κj)(−rdim(H)) +
l∑
i=1
diδra(−dim(H))+
+
∑
i∈I(e)
κiα(−rdim(H)) = −αpdim(H) ≥ 0
so we must have dim(H) = 0, i.e, U → H0(Y, E(0)(n)) is injective. Let us show that it is
in fact an isomorphism. For that we just need to show that h1(Y, E(0)(n)) = 0. Suppose
it does not. Then, by Serre duality, there is a non trivial morphism E(0)(n) → ωY . Let
G be its image, and consider the linear map Ω : U →֒ H0(Y, E(0)(n)) → H
0(Y,G ). Let
H ⊂ U be the kernel of Ω, let λ be the corresponding one parameter subgroup and
F ⊂ E(0) the subsheaf generated by H . Since t(0) is semistable, we get:
0 ≤
µ(λ,Gies(t))
p
=pαF − αdim(H) + δ
l∑
i=1
di(rν(I0, dim(H))− ark(F
i))+
+
∑
i∈I(e)
ακi
r
ei
dim(qi(F (y
i
1)⊕F (y
i
2))− b
′
2αF .
Since h0(Y,G ) ≥ p− dim(H), we get
0 ≤− pαG + αh
0(Y,G ) + δ
l∑
i=1
di(rν(I0 , dim(H))− ark(F
i))+
+
∑
i∈I(e)
ακi
r
ei
dim(qi(F (y
i
1)⊕F (y
i
2))− b
′
2αF .
and therefore h0(Y,G ) ≥
p
α
+M, M being a constant not depending on G . Note that
p = αn+ d+ rχ(OY ) and that we can assume h
0(Y, ωY ) ≥ h0(Y,G ). Then, if n is large
enough we get a contradiction, so h1(Y, E(0)(n)) = 0.
Let us show now that E(0) has no torsion. Assume it has torsion, T ⊂ E(0)(n),
supported on the divisors Di, and let T = H
0(Y, T ). Let now H := H0(q(0)(n))
−1(T ) ⊂
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U . Again, since t(0) is semistable, we have
0 ≤ µG(λ, t(0)) =
l∑
i=1
biµGi1(λ, t1,i(0)) + cµG2(λ, t2(0))+
+
∑
i∈I(e)
kiµGr(λ, t3,i(0)) =
=
l∑
i=1
bi(−rdim(H)) + ca(−dim(H))+
+
∑
i∈I(e)
ki(pdim(ti0(H ⊕H)− eidim(H)) =
=
∑
i∈I(e)
κi
r
ei
α(pdim(ti0(H ⊕H))− αpdim(H) ≤
≤
∑
i∈I(e)
κi
r
ei
αpdim(TDi)−
ν∑
i=1
αpdim(TDi)
Since κi <
ei
r
we must have dim(TDi) = 0, that is T = 0, so E(0) has no torsion supported
on the divisors Di. Furthermore, from the last calculation it is clear that there can not
be any torsion subsheaf supported outside the divisors Di, therefore E(0) is locally free.
Thus, the extended family defines a point in Id. Since the corresponding point in G lies
in the semistable locus we deduce that the extended family lies in the semistable locus,
Gs(s), as well and by Theorem 3.7 we are done.
Let d ∈ Ir,d,δ be as in Section 3.2.1, Equation (7), and let Id be the parameter space
constructed in Section 3.2.1. Over Y × Id there is a universal family satisfying the local
universal property (follows as in [18, Proposition 2.8]). Note also that the natural SL(U)
action on Q0, h and G ri determines an action on the space Id, Γ : SL(U)×Id → Id, and
that the universal family satisfies the glueing property as well (again it follows as in [18,
Proposition 2.10]). Finally, we have
Theorem 3.9. There exist a projective scheme SGPS
(κ,δ)-ss
r,d,tp and an open subscheme
SGPS
(κ,δ)-s
r,d,tp together with natural transformation α
(s)s : SGPS
(κ,δ)−(s)s
r,d,tp → hSGPS(κ,δ)-(s)s
r,d,tp
with the following propoerties:
1) For every scheme S and every natural transformation SGPS
(κ,δ)−(s)s
r,d,tp → hN ,
there exists a unique morphism ϕ : SGPS
(κ,δ)-(s)s
r,d,tp → S with α
′ = h(ϕ) ◦ α(s)s.
2) The scheme SGPS
(κ,δ)-s
r,d,tp is a coarse moduli space for SGPS
(κ,δ)−s
r,d,tp .
Proof. We may assume without lost of generality that ei 6= 0 for each i = 1, . . . , ν.
Consider the Gieseker map Gies : Id →֒ G, which is injective and SL(U)-equivariant (see
Proposition 3.4). Consider on G the polarization given in Section 3.3.1, and let L :=
Gies∗O(b1, . . . , bl, c, ki1 , . . . , kiν′ ). From ([14, Chap.2, §1]), we know that Gies
−1(G(s)s) =
I
(s)s
d , and therefore Theorem 3.7 implies that I
(s)s
d = I
(κ,δ)-(s)s
d . By Proposition 3.8, we
deduce that the restriction of the Gieseker map to the semistable locus is a SL(U)-
equivariant injective and proper morphism. Thus
1) the good quotient SGPS
(κ,δ)-ss
r,d,tp := I
(κ,δ)-ss
d //SL(U) exists and is projective,
2) the geometric quotient SGPS
(κ,δ)-s
r,d,tp := I
(κ,δ)-s
d /SL(U) exists and is an open sub-
scheme of SGPS
(κ,δ)-ss
r,d,tp .
Define SGPS
(κ,δ)-(s)s
r,d,tp :=
∐
d∈I(r,d,δ) SGPS
(κ,δ)-(s)s
r,d,tp . Now, 1) and 2) follow from this con-
struction, the local universal property and the glueing property.
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§4
Moduli space for generalized parabolic singular principal bundles
4.1. — The parameter space
Let r ∈ N, d ∈ Z, e := (e1, . . . , eν) ∈ Nν with ei ≤ r, and δ ∈ Q>0. In order to prove the
existence of a coarse projective moduli space for the moduli functor given in Equation
(2) we need to rigidify the moduli problem. Let n ∈ N and U := CP (n). Consider the
functor
rigSPBGPS(ρ)nr,d,e(S) =

isomorphism classes of tuples (ES , qS , τS , gS)
where (ES , τS) is a family of singular principal
G-bundles parametrized by S with rank r
and degree d, (ES , qS) is a family of generalized
parabolic locally free sheaves of type e and
gS : U ⊗ OS → πS∗ES(n) is a morphism such
that the induced morphism
U ⊗ OY×S(−n)→ ES is surjective

. (20)
and let us show that there is a representative for it.
We may assume without loss of generality that ei 6= 0 for all i = 1, . . . , ν. Recall
from Proposition 3.2 that the family of locally free sheaves E of rank r and degree d that
appear in (κ, δ)-(semi)stable swamps with generalized parabolic structure is bounded. In
consequence, there is a natural number n0 ∈ N such that for n ≥ n0, E (n) is globally
generated and H1(Y, E (n)) = 0. Fix n > max{n0, n4} and d = (d1, . . . , dl) ∈ N
l with
d =
∑l
i=1 di, and let p = rχ(OY ) + d + αn. Let U be the vector space C
⊕p. Denote
by Q0 the quasi-projective scheme parametrizing equivalence classes of quotients q :
U⊗π∗Y OY (−n)→ E where E is a locally free sheaf of uniform multirank r and multidegree
(d1, . . . , dl) on Y , and such that the induced map U → H
0(Y, E (n)) is an isomorphism.
On Q0 × Y , we have the morphism, h : S•(V ⊗ U ⊗ π∗Y OY (−n)) → S
•(V ⊗ EQ0) →
S•(V ⊗ EQ0)
G. Let s ∈ N be as in [13, Theorem 4.2, Remark 4.3]. Then h(
⊕s
i=1 S
i(V ⊗
U ⊗ πY OY (−n))), contains a set of generators of S•(V ⊗ EQ0)
G. Observe that every
morphism k : ⊕si=1 S
i(V ⊗ U ⊗ OY (−n)) → OY breaks into a family of morphisms
ki : S
i(V ⊗ U)⊗ OY (−in) ≃ Si(V ⊗ U ⊗ OY (−n))→ OY and therefore into morphisms
ki : S
i(V ⊗ U)
∆
→֒ Si(V ⊗ U)⊗ C⊕l → H0(Y,OY (in)), ∆ being the diagonal morphism.
From this point onwards we can proceed as in [13, §6.1] and we end up with a closed
subscheme D ⊂ Q∗ together with a universal family (ED, τD) of singular principal G-
bundles of uniform multirank r and multidegree (d1, . . . , dl). In order to include the
parabolic structure as well we need to consider the Grassmannians G ri := Grassei(U
⊕2)
of ei dimensional quotients of U
⊕2. Define Z := D × G r1 × . . . × G rν , and denote by
ci : Z → G ri the projection onto the ith Grassmannian. Consider the pullback of the
universal quotient of the ith Grassmannian to Z, qiZ : U
⊕2⊗OZ → RZ , and take the direct
sum qZ : U
⊕2ν ⊗OZ →
⊕ν
1 RZ . Denote by qZ , EZ and τZ the pullbacks to Z × Y of the
corresponding objects over D. Consider the morphism πi : Z×{yi1, y
i
2} → Z ×{xi} ≃ Z.
and look at the following commutative diagram For each i, there are quotients fi :
U⊕2 × OZ → πi∗(EZ |yi1,yi2) and we can form f := ⊕(fi) : U
⊕2ν × OZ →
⊕
πi∗(EZ |yi1,yi2).
Consider the following diagram,
0 // Ker(f) //
q′
%%
U⊕2ν × OZ
f //
qZ

⊕
πi∗(EZ |yi1,yi2)
// 0
⊕
RZ .
Denote by Md(G) ⊂ Z the closed subscheme given by the zero locus of the morphism q′
20
(see [8, lemma 3.1]). Then, the restriction of qZ to Md(G) factorizes⊕
πi∗(EZ |yi1,yi2)|Md(G)
⊕
RMd(G)
⊕
πi
Md(G)∗
(EMd(G)|yi1,yi2)
qMd(G) //⊕RZ |Md(G).
Since f and qZ are diagonal morphisms we deduce that qMd(G) is also diagonal. Therefore
qMd(G) is determined by ν morphisms q
i
Md(G)
: πi
Md(G)∗
(EMd(G)|yi1,yi2)→ RMd(G). Denote
by (EMd(G), τMd(G)) the restriction of (EZ , τZ) to Md(G). Then (EMd(G), qMd(G)
, τMd(G))
is a universal family of singular principal G-bundles with generalized parabolic structure.
Theorem 4.1. The functor rigSPBGPS(ρ)nr,d,e is representable.
Proof. Follows from the construction of Md(G) and taking the disjoint union over all the
possible multidegrees as in Theorem 3.9, which we denote by M(G).
4.2. — The moduli space
Recall from Proposition 3.2 that the family of locally free sheaves E of fixed degree and
rank which appears in a (κ, δ)-(semi)stable swamp with generalized parabolic structure
is bounded. As a consequence, there is a natural number n0 ∈ N such that for n ≥ n0,
E (n) is globally generated and h1(Y, E (n)) = 0. Fix such natural number n and consider
the functors rigSGPSnr,d,tp and
rigSPBGPS(ρ)nr,d,e given in Equation (4) and Equation
(20) respectively. Note that there is a natural GL(U) action on the space M(G), Γ :
GL(U) ×M(G) → M(G). We can view this GL(U)-action as a (C∗ × SL(U))-action.
Thus, we will construct the quotient of M(G) by GL(U) in two steps, considering the
actions of C∗ and SL(U) separately. Consider the action of C∗ on rigSPBGPS(ρ)nr,d,e.
Let tp = (a, b, 0,OY , e), where a and b are as in [13, Theorem 5.5]. The map given in
Equation (1) induces an injective C∗-invariant natural transformation
rigSPBGPS(ρ)nr,d,e →֒
rigSGPSnr,d,tp,
which in turn induces a SL(U)-equivariant injective and proper morphism,
β : M(G)//C∗ →֒ Ir,d,tp =
∐
d∈I
Id.
Furthermore, the universal family on M(G) satisfies the local universal property as well
as the glueing property. We finally have
Theorem 4.2. There is a projective scheme SPBGPS(ρ)
(κ,δ)−ss
r,d,e and an open subscheme
SPBGPS(ρ)
(κ,δ)−s
r,d,e ⊂ SPBGPS(ρ)
(κ,δ)−ss
r,d,e together with a natural tranformation α
(s)s :
SPBGPS(ρ)
(κ,δ)-(s)s
r,d,e → hSPBGPS(ρ)(κ,δ)-(s)s
r,d,e
with the following properties:
1) For every scheme S and every natural transformation α′ : SPBGPS(ρ)
(κ,δ)-(s)s
r,d,e →
hS , there exists a unique morphism ϕ : SPBGPS
(κ,δ)-(s)s
r,d,e (ρ)→ S with α
′ = h(ϕ) ◦ α(s)s.
2) The scheme SPBGPS
(κ,δ)-s
r,d,e (ρ) is a coarse quasi-projective moduli space for the
moduli functor SPBGPS
(κ,δ)-s
r,d,e (ρ).
Proof. Considering the linearized invertible sheaf L given in the proof of Theorem 3.9
and defining L ′ := β∗L , it follows as in the connected case (see [18]).
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§5
Application to principal bundles on reducible nodal curves
Let X be a projective nodal curve with nodes x1, . . . , xν and l irreducible components,
and π : Y =
∐l
i=1 Yi → X its normalization. Let OX(1) be an ample invertible sheaf on
X and denote by OY (1) the ample invertible sheaf obtained by pulling OX(1) back to
Y . As usual, h is the degree of OY (1), y
i
1, y
i
2 are the points in the preimage of the ith
nodal point xi, Di = y
i
1 + y
i
2 are the corresponding divisor on Y and D =
∑
Di is the
total divisor.
5.1. — Torsion free sheaves over a reducible nodal curve
Let F be a torsion free sheaf on X of rank r, that is, of uniform multirank r. C. S.
Seshadri showed (see [20, Chapter 8]) that for each nodal point x (regardless of how
many components this point lies on), there is a natural number 0 ≤ l ≤ r such that
Fx ≃ O lX,x ⊕ m
r−l
x . Then, it is said that a torsion free sheaf of rank r is of type l =
(l1, . . . , lν) if Fxi ≃ O
li
X,xi
⊕mr−lixi at the ith nodal point.
If F be a torsion free sheaf on X of rank r and of type l, then the canonical map
α : F → π∗π∗(F ) is injective, and T := Coker(α) is a torsion sheaf supported on the
nodes. A short calculation shows that length(T ) =
∑ν
i=1(2r − li). and
deg(π∗F ) = deg(F ) + rν −
∑
li,
deg(T (F )) = 2(rν −
∑
li),
(21)
T (F ) being the torsion subsheaf of π∗(F ) (see [1] for the irreducible case).
Proposition 5.1. If F is a torsion free sheaf of rank r and type l = (l1, . . . , lν) on X,
then the natural morphism β : F →֒ π∗(E0), where E0 := π∗(F )/T (F ), is injective and
length(Coker(β)) = l :=
∑
li. Furthermore, Coker(β) =
⊕ν
i=1 C
li
xi
.
Proof. Let F be a torsion free sheaf on the nodal curve X and let T (F ) be the torsion
subsheaf of π∗(F ). Consider the natural morphism β : F → π∗(π∗(F )/T (F )). This is
injective at every smooth point so it is injective since F is torsion free. Consider now
the exact sequence
0→ F →֒ π∗(π
∗(F )/T (F ))→ Coker(β)→ 0. (22)
Then, we have χ(π∗(F )/T (F )) = χ(F ) + length(Coker(β)) and, therefore, rχ(OY ) +
deg(π∗(F )/T (F )) = rχ(OX)+deg(F )+ length(Coker(β)). However χ(OY )−χ(OX) =
ν, so length(Coker(β)) = rν +deg(π∗(F )/T (F ))− deg(F ) and applying Equation (21)
we get the result.
Corollary 5.2. Let F be a torsion free sheaf of rank r and type l = (l1, . . . , lν) on
X. Suppose there exists a locally free sheaf E on Y of the same rank and an injection
i : F →֒ π∗E . Then length(Coker(i)) = e if and only if length(Coker(π∗(λ))) = e − l,
where l =
∑
li.
Proof. Let F be a torsion free sheaf of rank r on X and suppose there exists a locally free
sheaf of rank r, E , on the normalization and an injection i : F →֒ π∗(E ). Then, there is
an injection λ : E0 →֒ E such that π∗(λ) ◦ β = i. From the above observation, it follows
that Coker(i)/Coker(β) ≃ Coker(π∗(λ)). Hence, we deduce that length(Coker(π∗(λ))) =
length(Coker(i))−length(Coker(β)). Since length(Coker(i)) = e and length(Coker(β)) =
l, we can conclude using Proposition 5.1.
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5.2. — Descending singular principal G-bundles
Let r ∈ N, d ∈ Z and e := (e1, . . . , eν) ∈ Nν with ei ≤ r. Let (E , q, τ) be a singular
principal G-bundle with generalized parabolic structure on Y with rank r, degree d
and type e. Consider the natural surjection evD = ⊕evi : E → E |D =
⊕
E |Di and
take the push-forward, π∗(evD) : π∗(E ) → π∗(E |D). Since π∗(E |D) is precisely the
vector space
⊕
(E (yi1)⊕ E (y
i
2)) supported on the nodes, we can consider R =
⊕
Ri as a
skycraper sheaf supported on the nodes and compose π∗(evD) with q to get the morphism
q ◦ π∗(evD) : π∗(E )→ R→ 0. Defining F = Ker(q ◦ π∗(evD)), we get an exact sequence
0→ F →֒ π∗(E )
p
→ R→ 0 (23)
where F is a torsion free sheaf of rank r and degree d+
∑ν
i=1(r− ei), and R has length
length(R) := e1 + . . .+ eν .
It remains to construct τ ′ : Spec(F⊗V )G → OX from the data (E , q, τ). Consider the
canonical isomorphism, π∗(Spec(F ⊗V )G) ≃ Spec(π∗(F )⊗V )G. Now, the identity map
π∗E → π∗E induces a morphism π∗π∗E → E by adjunction and therefore a morphism of
algebras π∗S•(V ⊗π∗E )G → S•(V ⊗E )G which, in turn, induces a morphism of algebras
S•(V ⊗ π∗E )G → π∗S•(V ⊗ E )G again by adjunction. This induces a diagram
S•(V ⊗F )G //
τ ′
((PP
PPP
PPP
PPP
PP
S•(V ⊗ π∗E )G
τˆ

0 // OX
  // π∗OY //
⊕ν
i=1Cxi
// 0
Remark 5.3. Let (E , q) be a generalized parabolic locally free sheaf of rank r, degree
d and type e′ = (e′1, . . . , e
′
ν). For each i = 1, . . . , ν, denote by Ki the kernel of the
ith parabolic structure E (yi1) ⊕ E (y
i
2) → Ri and by C
i
1 (resp. C
i
2) the kernel of the
induced linear map Ki → E (yi1) (resp. Ki → E (y
i
2)). From [3, Proposition 3.7], it
follows that the associated torsion free sheaf F satisfies Fxi ≃ O
ei
X ⊕ m
r−ei
xi
, where
ei = 2r − e′i − dim(C
i
1)− dim(C
i
2).
Definition 5.4. Let r ∈ N, d ∈ Z and e := (e1, . . . , eν) ∈ Nν with ei ≤ r. A descending
G-bundle of rank r, degree d and type e on Y is a singular principal G-bundle with
generalized parabolic structure of rank r, degree d and type e, (E , q, τ), such that τ ′
takes values in OX ⊂ π∗(OY ).
Definition 5.5. Let r ∈ N, d ∈ Z, e := (e1, . . . , eν) ∈ Nν , and let δ ∈ Q>0. For each
i ∈ I(e) fix κi ∈ (0,
ei
r
) ∩ Q. A descending G-bundle is (κ, δ)-(semi)stable if it is as
singular principal G-bundle with generalized parabolic structure.
A family of descending G-bundles parametrized by a scheme S is defined in the
obvious way, and we can consider the moduli functor,
D(ρ)
(κ,δ)-(s)s
r,d,e (S) =

isomorphism classes of families of
(κ, δ)-(semi)stable descending
G-bundles on Y parametrized by
S with rank r degree d and type e
 .
Then one can show the next theorem following a similar argument as given for proving
Theorem 4.2 and [18, Main Theorem].
Theorem 5.6. There exist a projective scheme D(ρ)
(κ,δ)-ss
r,d,e and an open subscheme
D(ρ)
(κ,δ)-s
r,d,e ⊂ D(ρ)
(κ,δ)-ss
r,d,e together with a natural tranformation α
(s)s : D(ρ)
(κ,δ)-(s)s
r,d,e →
hD(ρ)(κ,δ)-(s)s with the following properties:
1) For any scheme S and any natural transformation α′ : D(ρ)
(κ,δ)-(s)s
r,d,e → hS, there
exists a unique morphism ϕ : D(ρ)
(κ,δ)-(s)s
r,d,e → S with α
′ = h(ϕ) ◦ α(s)s.
2) The scheme D(ρ)
(κ,δ)-s
r,d,e is a coarse moduli space for the moduli functor D(ρ)
(κ,δ)-s
r,d,e .
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5.3. — Relation to the moduli space of principal G-bundles over a reducible
nodal curve. Specializations
Let r ∈ N, d ∈ Z and e := (e1, . . . , eν) ∈ Nν with ei ≤ r. Let (E , q, τ) be a descending
G-bundle of rank r, degree d and type e, and (F , τ ′) the induced singular principal G-
bundle. Recall that both sheaves, E and F , are related through the exact sequence given
in Equation (23) where the morphism p factorizes over the surjection q : π∗(E |D) →
R. For any subsheaf G ⊂ E , the image of p restricted to π∗(G ) ⊂ π∗(E ) is precisely⊕ν
i=1 qi(G (y
i
1)⊕ G (y
i
2)). Therefore we can construct the following diagram
0 // F 
 // π∗(E ) // R // 0
0 // Ker(p′) 
 //
?
OO✤
✤
✤
π∗(G ) //
?
OO
⊕ν
i=1 qi(G (y
i
1)⊕ G (y
i
2)) //
?
OO
0
(24)
and we define S(G ) := Ker(p′). If G is saturated then S(G ) is clearly saturated. This
construction allows us to attach to any weighted filtration (E•,m) of E by saturated
sheaves a weighted filtration (S(E•),m) of F by saturated sheaves. Moreover, any sat-
urated subsheaf can be constructed from a saturated subsheaf of E (follows as in the
connected case [18]).
In what follows, we will use the notation κ(e) for (
ei1
r
, . . . ,
eiν′
r
), where i1, . . . , iν′ are
the indices in I(e).
Proposition 5.7. Let (E , q, τ) be a descending G-bundle of rank r degree d and type e and
(F , τ ′) the induced singular principal G-bundle on X. Then, (F , τ ′) is δ-(semi)stable
if and only if (E , q, τ) is a (κ(e), δ)-(semi)stable G-bundle with a generalized parabolic
structure.
Proof. This follows as in the irreducible case [18, Proposition 5.2.2]
Proposition 5.8. Let r ∈ N, d ∈ Z and e := (e1, . . . , eν) ∈ Nν with ei ≤ r. There exists
ǫ ∈ R ∩ (0, 1), such that for any κ with
ei
r
− ǫ < κi <
ei
r
, any integral parameter δ, and
any singular principal G-bundle (E , q, τ) with a generalized parabolic structure of rank r,
degree d and type e, we have
1) if (E , q, τ) is (κ, δ)-semistable, then it is (κ(e), δ)-semistable,
2) if (E , q, τ) is (κ(e), δ)-stable, then it is (κ, δ)-stable.
Proof. Recall that the (κ, δ)-(semi)stability condition for a singular principal G-bundle
with a generalized parabolic structure has to be checked just for the weighted filtrations
(E •,m) of E for which mi < A for suitable constant A depending only on the numerical
input data (see Remark 2.7). This implies that we can find a natural number n such that
Pκ(e)(E
•,m) + δµ(E •,m, τ) ∈ Z[
1
n
] for all such weighted filtrations. A short calculation
shows that for every generalized parabolic bundle (E , q) and every weighted filtration
(E•,m) we have Pκ(e)(E
•,m) − Pκ(E •,m) ≤ νrǫAα2. In fact we can also show that
Pκ(e)(E
•,m)− Pκ(E •,m) ≥ −νrǫAα2. Take ǫ so that the inequality νrǫAα2 <
1
n
holds.
Now 1) and 2) follow by a similar argument as given in [18, Proposition 5.2.3.].
Let r ∈ N, d ∈ Z and e ∈ J(r) := {(e1, . . . , eν) ∈ Nν |ei ≤ r}. Denote by Dr,d(e,r),e
the set of isomorphism classes of descending G-bundles over Y with rank r type e and
degree d(e, r) = d −
∑ν
i=1(r − ei), and by SPBr,d,e the set of isomorphism classes of
singular principal G-bundles over X of rank r degree d and type e. From Corollary 5.2,
it follows that there is a map Θe : Dr,d(e,r),e −→
⋃
e′≤eSPBr,d,e′
Theorem 5.9. Θe induces a bijection Θ
−1
e (SPBr,d,e)→ SPBr,d,e.
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Remark 5.10. From Remark 5.3 it follows that Θ−1e (SPBr,d,e) consists of descending
singular principal G-bundles (E , q, τ) ∈ Dr,d(e,r),e satisfying dim(C
i
1) + dim(C
i
2) = 2(r −
ei) for i = 1, . . . , ν.
Proof. 1. Let (F , τ) be a singular principal G-bundle of rank r, degree d and type e,
and consider the exact sequence
0 // T (F ) // π∗(F ) // E0 = π∗F/T (F ) // 0 . (25)
Since S•(V ⊗ π∗F )G → S•(V ⊗ E0)
G → 0 is still surjective we find a closed
immersion Spec(S•(V ⊗ E0)G) →֒ Spec(S•(V ⊗ π∗F )G). We have the following
diagram
Spec(S•(V ⊗ E0)G)
  // Spec(S•(V ⊗ π∗F )G) //

Spec(S•(V ⊗F )G)

Y
pi //
pi∗(τ)
CC
✺
✤
✠
X ,
τ
CC
✺
✤
✠
The morphism π∗(τ) : π∗(S•(V ⊗F )G) = S•(V ⊗π∗F )G → π∗OX = OY is the one
that we obtain by adjunction when we take the composition of S•(V ⊗F )G → OX
with the natural inclusion of rings OX ⊂ π∗OY . Let us denote by W the open
subset Y \ π−1(Sing(X)). Restricting the exact sequence (25) to this open subset
we get π∗F |W = E0|W so Spec(S•(V ⊗ E0|W )G) = Spec(S•(V ⊗ π∗F |W )G) which
means that the restriction π∗(τ |W ) takes values in Spec(S•(V ⊗ E0|W )). From the
chain of immersions
Spec(S•(V ⊗ E0|V )
G) →֒ Spec(S•(V ⊗ E0)
G)
closed
→֒ Spec(S•(V ⊗ π∗F )G)
it follows that π∗(τ) must then take values in SpecS•(V ⊗ E0)G, that is, the mor-
phism S•(V ⊗ π∗F )G → OY factorizes through the surjection
S•(V ⊗ π∗F )G → S•(V ⊗ E0)
G → 0
and we denote by τ0 the morphism of algebras S
•(V ⊗ E0)G → OY . On the other
hand, given a node x ∈ X , π∗(E0)x ⊗OX,x OX,x/mx ≃ E0(y1) ⊕ E0(y2). Therefore,
the surjection π∗(E0) → Coker(β) defined in Proposition 5.1 induces a surjection
q0i : E0(y
i
1) ⊕ E0(y
i
2) → Coker(β)xi of dimension ei for each i = 1, . . . , ν, which,
in turn, induce a generalized parabolic structure of type e = (e1, . . . , eν). From
this construction, it follows that the singular principal G-bundle with general-
ized parabolic structure (E0, τ0, q
0) of rank r, degree d −
∑ν
i=1(r − ei) and type
e = (e1, . . . , eν) is a descending principal G-bundle and it descends to (F , τ).
This shows surjectivity. On the oder hand, if (E1, τ1, q
1) ∈ Θ−1e (SPBr,d,e) is an-
other singular principal G-bundle with generalized parabolic structure descending
to (F , τ), then we have two exact sequences
0 // F //
ψ
!!
π∗E0 // R0 // 0
0 // F // π∗E1 // R1 // 0
Since E1 is locally free, the morphism ψ induces a morphism ι : E0 → E1 by
adjunction, and therefore a morphism ψ′ : π∗E0 → π∗E1 making the left square
commutative. This in turn implies that ψ′ induces a morphism ψ′′ : R0 → R1
making the right square commutative, and by the Short-Five lemma, Ker(ψ′) =
Ker(ψ′′) and Coker(ψ′) = Coker(ψ′′). However, Ker(ψ′′) must be a torsion sheaf
while π∗E0 is torsion free, so we deduce that ψ
′′ is an isomorphism and, therefore, ψ′
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is an isomorphism as well. From [20, Huitime partie, II, Proposition 10], it follows
that ι : E1 ≃ E0 and that this isomorphism induces an isomorphism between the
parabolic structures. Now, since E0 ≃ E1 and both, (E0, τ0, q0) and (E1, τ1, q1),
descend to (F , τ), we deduce that the diagram
Spec(S•(V ⊗ E0)) Spec(S•(V ⊗ E1))
Y
τ0
ff◆◆◆◆◆◆◆◆◆◆◆
τ1
88♣♣♣♣♣♣♣♣♣♣♣
commutes when is restricted to W := Y \ π−1(Sing(X)). Since τ0 and τ1 are
separated morphisms, we finally deduce that the diagram commutes and, therefore,
ι : E0 → E1 induces an isomorphism of singular principalG-bundles with generalized
parabolic structures. This shows injectivity.
Let r ∈ N, d ∈ Z, δ ∈ Z>0 and define J(r) := {e = (e1, . . . , eν) ∈ Nν |ei ≤ r}. For each
e ∈ J(r) fix ǫ = ǫ(e) and κ as in Proposition 5.8. Let SPB(ρ)
δ-(s)s
r,d be the moduli space of
δ-(semi)stable singular principal G-bundles of rank r and degree d on the nodal curve X
(see [13]). Then Proposition 5.7 and Proposition 5.8 imply that, for each e ∈ J(r), there
is a well defined functor D(ρ)
(κ,δ)-(s)s
r,d(e,r),e → SPB(ρ)
δ−(s)s
r,d , where d(e, r) = d−
∑ν
i=1(r− ei),
and thus a proper morphism
Θ : D(ρ)
(κ,δ)-(s)s
r,d :=
∐
e∈J(r)
D(ρ)
(κ,δ)-(s)s
r,d(e,r),e −→ SPB(ρ)
δ-(s)s
r,d (26)
between the moduli spaces. Let e ∈ J(r) and let SPB(ρ)
δ-(s)s
r,d,e be the subscheme that
parametrizes singular principal G-bundles, (F , τ), with F a torsion free sheaf of type e.
Then, by Corollary 5.2, Θ induces a proper morphism
Θe : D(ρ)
(κ,δ)-(s)s
r,d(e,r),e −→
⋃
e′≤e
SPB(ρ)
δ-(s)s
r,d,e′ .
Let us denote by SPB(ρ)δ-sr,d,e the schematic closure in SPB(ρ)
δ-(s)s
r,d , which lies in the closed
subscheme
⋃
e′≤e SPB(ρ)
δ-(s)s
r,d,e′ . Obviously Θe maps Θ
−1
e (SPB(ρ)δ-sr,d,e) to SPB(ρ)
δ-s
r,d,e.
Theorem 5.11. If the open subscheme D(ρ)
(κ,δ)-s
r,d(e,r),e ⊂ D(ρ)
(κ,δ)-ss
r,d(e,r),e is dense, then Θe
induces a birational, proper and surjective morphism Θe : D(ρ)
(κ,δ)-ss
r,d(e,r),e −→ SPB(ρ)
δ-s
r,d,e.
Proof. From Proposition 5.8 and Theorem 5.9 it follows that Θe induces an isomor-
phism Θ−1e (SPB(ρ)
δ-s
r,d,e) ≃ SPB(ρ)
δ-s
r,d,e. Let us denote by We the dense open subscheme
of D(ρ)
(κ,δ)-(s)s
r,d(e,r),e parametrizing descending principal bundles with generalized parabolic
structure such that dim(Ci1)+dim(C
i
2) = 2(r−ei) for i = 1, . . . , ν (see Remark 5.3). From
Proposition 5.7 and Remark 5.10 it follows that Θ−1e (SPB(ρ)
δ-s
r,d,e) =We ∩D(ρ)
(κ,δ)-s
r,d(e,r),e.
Therefore, it is a dense open subscheme. Finally, Since Θe is proper, the isomor-
phism Θ−1e (SPB(ρ)
δ-s
r,d,e) ≃ SPB(ρ)
δ-s
r,d,e extends to a surjective and proper morphism
Θe : D(ρ)
(κ,δ)-(s)s
r,d(e,r),e −→ SPB(ρ)
δ-s
r,d,e.
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